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THE RELATIONSHIP BETWEEN IMAGE TRRADIANCE
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ABSTRACT

A formulation of shape from shading is presented in which
surface orientation is related to image irradiance without re-
quiring detailed knowledge of cither the scene illemination or
the alhedo of the surface material. The case for uniformly
diffuse reflection and perspective projection is discussed in detail.
Experiments aimed at using the formulation to reeover surface
orientation are presented and the difficulty of nonlocal computa-
tion discussed. We present an algorithm for reconstructing the
3D surface shape once surface orientations are known.

1 INTRODUCTION

When the human visual system processes a single image,
e.g., Figure 1, it returns a perceived 3-D modet of the world, even
when that image has limited contour and texture information.
This 3-D model is underdetermined by the information in the
2-D image; the visual system has used the image data and its
model of visual processing to reconstruct the 3-D world. While
there are many information sources within the image, shading is
an important source. Facial make-up or a cartoonist’s shading,
is an everyday cxample of the way shape, as perceived by our
human visual system, is manipulated by shading information.

A primary goal of computer vision is to understand this
process of reconstructing the 3-D world from 2-D image data,
to discover the model, or models that allow 2-D data to infer
3-D structure. The locus of this work is the recovery of the 3-D
orientation of surfaces from image shading.

We present a formulation of the shape-lrom-shading prob-
lem, i.e., recovering 3-D surface shape from image shading,

that is derived under assumptions of perspective projection,..

uniformly diffuse refection,! and constant reflectance. This for-
mulation differs [rom previous approaches to the problem in that
we neither make assumptions ahout the surface shape [2], nor
use direct knowledge of the illumination conditions and the sur-

The rescarch reported herein was supported hy the Defense Advanced
Research Projects Agency under Contract MDAB03-83-C-0027 and by the
National Acronautics and Space Administration under Contract NASA
9-16004. These contracts are monitored by the U.S. Army Engineer
Topographic Laboratory and by the Texas A&M Research Foundation for
the Lyndon B. Johnson Space Center,

We prefer the expression fsotropic ecatiering to cither uniformly dif-
Juec reflecetion, or Lambertian reflection, as it cmphasis that scene
radiance is isotropic. However, uniformly diffuse reftection, and Lambertian
reflection are the terms commeonly used to indicate that the scene radiance
is isotropic.
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Flgure 1 Shape from Shading.

face alhedo [3]. The cost we incur for dispensing with these
restrictions is the introduction of higher-order differentials into
the equations relating surface orientation and image irradiance.
The henefits we gain allow us to investigate the strength of the
constraint imposed by shading upon shape. Past attempts to
solve the shape-from-shading problem, as well as our own cfforts,
have hecn aimed at recovering surface shape from image patches
for which the reflectance {albedo) can be considered constant.
Previously we examined the influence exerted by the as-
sumption of uniformly diffuse reflection {1], and indicated that

"the cquations relating surface orientation to image irradiance

could he expeeted to yield useful results even in cases in which
the reflection is not uniformly diffuse. In that examination we as-
sumed orthographic rather than perspective projection. A com-
parisen of our previous work with this paper, however, shows
that the structure of the formulation is not dependent upon the
projection used.

If we add additional assumptions, e.g., constraints on the
surface type, we can simplily the relationship hetween surface
orientation and image irradiance. While it is not our goal to add
constraints upon surface type, the assumption that the surface
is locally spherical allows the approximate surface oricntation to
be recovered hy lacal computation.
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Flgure 2 Coordinate Frame. X.Y,Z arc the scenc coor-
dinates, U,V the image coordinates, and the image pfane is located a
distance f [rom the scene coordinale's origin - the projection center.
« is the angle between the Z axis (the viewing direetion) and the ray
of light from the scene point (z,y, z) to the image point (u, v).  and
m are the X and Y eomponents of the surface normal n.

2 THE COORDINATE FRAME AND
REPRESENTATION OF SURFACE
ORIENTATION

The coordinate system we use is depicted in Figure 2. X,Y,Z
arc the scene coordinates and U,V are the image coordinates.
The image and scene coordinales are aligned so that X ard U
axes are parallel, as are the Y and V axes. The U and V axes are
inverted with respect to the X and Y axes, so that positive X and
Y coordinates will correspond to positive U and V coordinates.
The image plane is located at a distance f from the (perspective)
projection center, the origin of the scene coordinates. A ray of
light from the point (z,y, ) in the scene to the image point (1, v)
makes an angle a with the viewing direction (i.e., the Z axis).

There are many parameterizations of the surface orienta-
tion: we choose to use (f,m), which are the X and Y components
of the unit surface normal. In Figure 2, n is the unit normal
of the surface patch located at (z,y,z); [ and m are the com-
ponents of this surface normal in the X and Y direetions. From
our viewing position we can sec at most half the surfaces in the
scene (i.c., those that face the viewer). The Z component of the
surface normal has the magnitude 1 — [% — m?2, the sign deter-
mining whether the surface is forward-facing (has a positive Z
component), or backward-facing (has a negative Z component).
For large off-axis angle a, we see backward-facing surfaces near
the cdges of objects. The two componcnts of the surface normal,
I and m, do not provide an adequate parameterization of the
surface in this case. Additionally, we need to know the sign of
the Z component. Here we restrict ourselves to forward-facing
surfaces. This minor restriction amounts to assuming that a is

not too large and that we are not adjacent to an object’s edge.
Consequently, in this discussion we assume that the Z component
of the surface normal is positive and that { and m constitute an
adequate parameterization of scene surfaces.

3 IMAGE IRRADIANCE

The image irradiance equation we use is [4]
f{u,v) = R(l, m)cos*a ,

where f(u, v) is the image irradiance as a function of the image
coordinates w and v, and R(I,m) is the surface radiance as a
function of { and m, the components of the surface normal.? The
term cos? a represents the off-axis elfect of perspective projec-
tion. When a is small, cos® a is approximately unity; we then
have the more familiar form of the image irradiance equation.
From Figure 2 we sce that

¥l

€os 0 = ——————
u? + v+ f2

Dillerentiating the image irradiance equation with respeet
to the image coordinatcs u and v, we obtain

I = Ry + Ry,
I{J = I4ly + Rnmmy
I

wu

= Rl ? + Rinmto” + 2Rimlymiy + Bilos + Rontue
Iy = Bul® + Ryymm ® + 2Rynlyme + Biloy + Rnmee
£y = Rulule + Rmmumy + Rig(lumy, + Lmy,)
+ Rtlye + Rnmigy

where subscripted variables denote partial differentation with
respect to the subscript(s), and

1 dul
’ —
fu (cos“a)”" T +f2) '
] dul
I = "
v (cos"c:)(f tE + v='+f'-3}
| Bul, 8uZr
I == v
+ J_)
w4+ 20
8ul, 8v2f
Py =(——iw v /
i (cos"c:)(" —'-u'z+v?+f2 {uZz + 02 + 2P
" 41
u2+U2 + f".‘. ’
| dul 4ul,
P u I
Tuu (cos4a)(I""+u2+uz+f"" u? +uv2 + 2
Buulf

2Image irradiance is the light, flux per unit area folling on the image, ic.,
incident fux density. Scene radiance is the light flux per unit projected area
per unit solid angle emitted from the scene, i.c., emitted flux density per
unit solid angle.



If we are to use these expression to relate image measure-
ments, e.g., I, to surface paramecters ! and m, then we must
remove the derivatives of f2.

4 UNIFORMLY DIFFUSE REFLECTION

To provide the additional constraints we nced for relating
surflace oricntation to image irradiance, we introduce constraints
that relate properties of R(l, m), — that is, constrainis that
specifly the relationsbip between surface radiance and surface
orientation. Such constraints are

(l_ F)R“ =(I_m2)Rmm '
(Ru - Rmm)fm = (‘2 - fﬂz)Rtvn '

where Ry is the second partial derivative of R with respect (o
{, Ryum i3 the second partial derivative of & with respect to m,
and Rrm is the sccond partial cross-derivative of 12 with respect
to ! and m.

These two partial dilferential equations embody the as-
sumption of uniformly diffuse reflection. For unifermly diffuse
reflection, R{l, m) has the form

gl +tm+ef/1—2—m+d |

Rl m=

where a,b,e, and d arc constants, their values depending on
illuminatien conditiens and surface alhedo. Note Lthat {,m, and
1 — 12 — m* are the components of the unit surface normal in
the directions XY, and Z. R(l,m) can he viewed as the dot
product of the surface normal vector (4, m, /1 — I2 — m*) and a
vector (a, b, ¢} denoting illumination conditions. As the value of a
dot procduct is rotationally independent of the coordinate system,
the scene radiance is independent of the viewing direction —
which is the definition of unifermly diffuse refllection.
evident that R(I,m) = al + bm +
1 — I —m® + d satisfics the pair of partial differential equa-
tions given ahove. In [l] we showed that R(l,m) = al + bm +
ev/1 — 7 —m?4d i3 the solution of the pair of partial differcntial
equations. These partial differential cquations are an .llternz\.tnc
deﬁnltlon of uml’ormly diffuse rellection.

It is clearly

d includes rﬂdi:mcc functions for mnltiple and cxtendcd |l|umma-
tion sources, including that for a hemispherical uniform source
such as the sky. Of course, at a self-shadow edge 2 is not
differentiable, so that the surfaces on each side of the self-shadow
boundary bave to be treated scparately. The assumption of
uniformly diffuse refection restricts the class of material surfaces
being eonsidered, not the illumination conditions.

From the constraints for uniformly dilfuse reflection, we
derive the relationships ‘

16

Substituting tthc relationships for Ay and R, in the

expressions for [/ and I, we obtain

uu! UU’ uv

[lu2(1 + muz(l—;n—F) + 2umy Ry =
Iy — Rilus — Bnmiae
St ;:‘2) + m‘,z(l—;T) 2l Ry —
I, — Rly — Ramyu
(hulo( = h;z—)+ m m.,( )+rum., 4 lymy]Rim =
Py — Blgy — Ry

By removing Rim and substituting the expressions for Ry
and f,,, defined by the expressions for 1, and I, we produce
two partial differential equations relating surface orientation to
image irradiance:

x1lyy
_XJI’UU 1

My + fOMy, — a‘flr;u' = fmy, = .\'ﬂILu -
ally, + B0my, — ably, — ffmy,, = xoI',

where

a=10Im,—Fm, ,

a= Itlu - IL'U ’

§ = Iu:(l - m2)+ mu:"(l - 12) + 2ymylm

=121 —mBY+m 2L - F) + 2tmyim

0 =Lt —m®)+ memy(l — F) + (lumy + Lmyim
x =lymy, —Lm,

These cquations relate surface orientation to image ir-
radiance by parameter-free expressions. We make no as-
sumplions ahout surface shape, mor do we need to kmew the
parameters speeifying illuminant direction, Hluminant strength,
and surface albedo. Our assumptions are about the propertics
of rcflection in the world; these alone are sufficient to relate
surface orientation to image irradiance. The above equations
have been derived for the case of perspective projection; for or-
thographic projection, the primed ('} quantities are replaced by
their umprimed ecounterparts, e.g., I, is replaced by I,. The
form of the equations is not a function of the projection uscd.

5 RECOVERY OF SURFACE
ORIENTATION

It is difficult to solve the cquations relating surface orienta-
tion to image irradiznee, and thus to recover surface shape from
observed image irradiance. We have used numerous integration
schemes that characterize two distinct approaches. The two
dilferential equations can be directly integrated in a step-by-step
manner or, given some initial solution, a relaxation préccdure
may be cmployed. The difficultics that arise are twofold: numeri-
cal crrors and multiple solutions.

Solutions of the cquation x = 0 (the developable surfaces,
e.g., a cylinder) are also solutions of the equations relating sur-

face oricntation to image irradiance. If the image intensities




were known in analytic form, the analytic approach to solving
the cquations could then employ houndary conditions to select
the appropriate solution. However, since the analytic form for
the image intensitics is unknown, numerical procedures must
be employed. The use of such procedures to directly integrate
the equations inevitahly introduces small errors. Such errors
‘mix in' multiple solutions even when those sclutions are incom-
patihle with the boundary conditions. [nstability of the numeri-
cal scheme seems responsible for the fact that such errors even-
tually dominate the rccovered solution. A scheme that is repre-
sentative of our various trials at clirect intcgration is outlined.
We transform our equations into fnite-difference equations
by using a three-point formula for the differentials of f and m. If
i(i, 7) and m(i, 7) are the values of { and m at the {3, j)th pixel in
the image, then at this pixel we use the finite-difference formulas,

Wi+ L,) -l —1,5)
- _ ,
lew =Hi+ 1,7)+1(i = 1,5) - 2i(s,5) ,

M+ L7+ 0)+0i—1,57-1)
lyy = 3
i+ Lij-0)+i—-1L5+1)
3
and similar formulas for the other differentials. Il we consider
the 3 x 3 image patch centered on the (7, )th pixel,

by

r

i1 i +1

| O | O &
il o | O 0O
1] O | ©O | O

we could bope that the two finite dilference equations, relating
the cightecn valuca of { and m on the patch, could be solved
explicitly for I(i + 1,5 + 1) and m(i + 1,5 + 1), {the (&) cell).
Such a solution would allow ! and m at the (&) cell to be cal-
culated from the {'s and m's at the (o) cells. Starting at some
boundary at which we know { and m at the (o) cells, we can
move along the image's row and then along the successive rows,
calculating ! and m at the (£) cell. However, examination of the
surfacc-oricntation-to-image-irradiance equations shows that we
cannot solve these equations explicitly for I,y and myy and that,
consequently, we cannot obtain finite-difference equations that
are cxplicit in the { and m of the (&) cell.

We avoid this dificulty by combining the two surface-
orientation-to-image-irradiance equations into one and using sur-
face continuity to provide the additional equation, Remeoving Iy,
and my, from the differential equations, we bave

alluy — Yloo) + BlEmuu — ymee) = x{F 15y — 15,)
Surface continuity requires that 3‘%‘; = 3555‘;, from which it

follows that

L1 —m®)+ mylm = m,(1 — I®) + I,Im

Provided that u and v are small compared with # (e.g., in the
cye or in a standard-format camera), then

L1~ m?)+ mufm = my(1 = F) + I,Im

These two equations, which do not involve {yy or myy, form a
basis for finite difference equations that calculate { and m at the
() cell from values of [ and m at (+) cells.

The results chtained with the above integration scheme,
together with many variations of it, are poor. Accurate values
for [ and m are obtained only within approximately five to ten
rows of the known boundary. This is the case flor noisc-free
image data. These results can be understood by examination
of the finite-difference cquations. The explicit expressions for
{ and m at the (-} ccll are functions of the differences of
and m at the (+) cells. Such schemes are usually numerically
unstable, making step-by-step integration impossible. While
the failure to find a stable numerical scheme does not imply
that one does mot exist, our dificulty highlights the problem
of finding numecrical schemes, based on diflerential models, to
propagate information from known houndaries. (One wonders
whether nature experienced the same difficultics when designing
the human vision system.)

- Although the alternmative to direct integration, a relaxation
procedure to solve the equatious, seems to offer relief from the
wumerical instahility of direct integration, it nevertheless poses
its own problems. The approach we used parallels the one in
[3] for solving the image irradiance cquation when the surface
albedo and illumination conditions are known. For each image
pixcl we form three crror terms: the residuals associated with
the two surlace-oricotation-to-image-irradiance equations, and
with the one surfacc continutiy equation. Minimiziug the sum
of the crrors over the whole image with respect to [ and m at
cach pixel produces an updating rule for { and m at each pixel.
Given an initial solution, i.c., assignment of values for { and m
at each pixel, a relaxtion scheme, like the one described, is useful
only if it converges. While the constraint imposed by the under-
iving model is most important in ensuring convergence, the im-
portance of a good initial solution for a relaxation method can-
not be overemphasized. Simplifying the two partial differential
equations (by using additional assumptions) provides a method
for obtaining an good initial solution.

The spherical approximation assumes that we are viewing
a spherical surface. This implies {, = 0,m, =0, and I; = m,,
— namely, constant curvature that is independent of direction.
Provided that u and v are small compared with =, then |, =
0,my = 0 and {; = m,. For this case, the partial dilferential
equations become relationships between image irradiance and its




derivatives, on the one hand, and the components of the surface
porizal, on the other:

l_mz_ﬂxu
{im —ﬂ:: !
1-F_n,
m I,

The spherical-approximation results for perspeetive projec-
tion are similar to those Pentland was ahle to ohtain [2] for
orthographic projection through local amalysis of the surface.
Besides providing a mechanism flor ohtaining an initial solution
for o relaxation-style algorithm, they allow surface orientation
to be estimated by purely local computation. Such an estimate
will be exact when the surface is locally spherical.

The results of our experiments with relaxation procedures
arc casily summarized: the relaxation procedures were not con-
vergent. Yhile such nponconvergence is hardly unusual, the
reasons for lailure, however, are insiructive. The residuals as-
sociated with both the surface-crientation-to-image-irradiance
equations, amd tbe surface continuity equations remain small
during the relaxation, even when the solution is stﬁrting to
diverge. Of course the residuals are not as small as they are
when on the verge of solution, but they are small enough to
make one believe that a selution has been ebtained, particularly
when tbe image is not noise-free. Apparently the cquations are
insensitive to particular values of [ and m, being more concerned
with the values of {,.l,,m,, and m,. As with direct integration,
relaxation models need bonndary conditions to select a particular
salution. We used various houndary conditions in our relaxation
experimcnts, but it i3 dilicult to believe tbat a medel, apparently
insensitive 1o surface oricntations, could he overly influenced by
the surface orientalions at a boundlary.

Our two approaches, direct integration and relaxation, have
not yielded a computational selntien te the problem of recover-
ing surface orientation from shading. The attractiveness of lo-
cal computation is clear: it has neither numerical instability nor
divergent behavior, but the cost it imposes is that assumptions
must be made about surface sbape.
some local computation and some information propagation may

A compromise between

offer an approach that is not overly restrictive in its assump-
tions about surface shape. However, the question needs to be
considered: Is the model underconstrained? s shape recovery
dependent on information other than shading? What other in-
formation (that is obtainable from the image), i3 necessary to
enable the construction of effective shape-recovery algorithms?

8 RECONSTRUCTION OF THE SURFACE
SHAPE

Surface orientation is not the samc as surface shape.
However, once we have obtained the surface orientation as a
function of image coerdinates, i.e., {(u, v) and m(u, v), we can use
these to reconstruct the surface shape in the scene coordinates
X,Y,Z. We derive a suitahle formula.

Suppese we kpow the depth zp at sceme coordinates
{zo, vo, za), corresponding to (ug, ) in the image. For the point
(zo + Az,y0 + Ay) we use the approximation

z . dz
z(zg + Az, yo + Ay) = z(zo, vo) + Az — +Ay - .
dz To¥o ay Zo, Yo
Similarly,
"-(Il—Az,yl—ﬂy)=3(11.§'l)"51_: —Ay =
. 9z T, ay Z1.¥1

Ir I = o+ Az and v = yo + A!h then

Ty — 19,0z dz
#H{zy,y1) = z(z0, vo) + T(;?— + 72 )
I To,¥o T4
Vi~ Yo, 9z dz
T Gyl Tl )
v Zo.¥0 ¥ T1.¥1
Using the perspective transformation ¥ = —f% and v = -—_,Fif
to remove z and y, we obtain
I(Ul,vl) = r(ﬂo.l’o)x
[ 8z <24 22
2/ + uol LERERT + o3 |UI.|'-'I) * Uo( ay gty Iy U3t
Az a; 2z 8z ’
o+ UJ.( iz |“°'U° * 8: |"""‘) + Ul( dy Yo, vo 9y UV

As P2 — =t apd 9= = =™ welave the means of
¥z \,/l.—lz—m2 ay \‘/l—l’—-m”

reconstructing the surface in scene coordinates from the values

of surface oricotation in image eocordinates.

7 CONCLUSION

In this formulation of the shape-from-shading task, we have
climinated the need to know the explicit form of the scene
radiance function by introducing higher-order derivatives into
otir model, This model is applicable to natural scenery without
any additional assumptions about illumination c¢onditions or
the albede of the surface material. However, without a com-
putational scheme Lo reconstruct surface shape from image ir-
radiance we nay wonder if we have surrendered too much. The
difliculties of findiug a computational scheme must induce one
to ask whether the mode! is underconstrained. Have we applied
too few restrictions, thereby making shape recovery impossible?
Notwithstanding the general concern about underconstraint of
the model, the numerical difficultics encounted makes loeal com-
putation of scene parameters attractive. Information propaga-
tion methods must always cope with the problem of accumulated
errors. In our model, however, to achieve local computation we
must make assumptions with régard to surface shape. What
other information, besides shading, do we need to know if we arc
to recover surface shape! Can we find moderate restrictions that
allow mostly local compntation of the surface shape parameters?
We are actively engaged in the pursuit of such procedures.
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